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Abstract: A semi-circular disc with an angled crack loaded in mixed-mode (mode I + II) was chosen
for a numerical analysis of crack deflection angles. Although the mode I of loading is often dominant
in engineering praxis, lots of structures are subjected at least at the beginning of the crack
propagation to a mixed-mode loading. Therefore, it is necessary to study the crack behaviour under
such conditions and it has been shown that the multi-parameter fracture mechanics approach can
be useful in this case of loading. Thus, various cracked configurations of the semi-circular disc were
simulated numerically under three-point bending and a generalized form of selected fracture criteria
is applied to calculate the crack deflection angle. It is discussed, which configurations can be safely
described by means of the classical single-parameter fracture mechanics (i.e. only the stress intensity
factors KI and KII controls the crack propagation), and which ones shall be analysed via multiparameter fracture mechanics based on the Williams expansion. As the result, several configurations
of the semi-circular disc with an angled crack under three-point bending are recommended to be
tested experimentally in order to prove the results of the numerical simulations based on the finite
elements.
Keywords: Surface cracks, Finite element analysis, stress
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5.1. Introduction
Fracture mechanics appeared in order to be able to assess the reliability and
lifetime of structures with defects and cracks (Anderson, 1995) that are presented
everywhere because of structures production as well as because of their handling
and using.
In 1920, Griffith found a quantitative connection between fracture stress and flaw
size (Griffith, 1920). He took advantage of the work of stress analysis of an elliptical
hole (made by Inglis in 1913 (Inglis, 1913)) applying it to the unstable crack
propagation. The progress in the fracture mechanics concepts takes place up to
now. There exist still lots of problems in assessment of fracture response in
various novel as well old materials. One of the directions, where the fracture
mechanics is oriented, is the multi-parameter concept, what represents using of
more than only one controlling parameter for the crack behavior description.
The stress tensor components were firstly expressed as a series expansion by
Williams (Williams, 1957) assuming its coefficients dependent on the loading
conditions. In the last years, lots of studies have proved that not only the first term
of the Williams expansion (corresponding to the stress intensity factor), but also
the second one (corresponding to T-stress) is important when the crack-tip stress
states shall be properly described (Chen, 2002; Ayatollahi and Zakeri, 2007;
Christopher et al., 2007; Aliha, Ayatollahi and Kharazi, 2009). The necessity of
considering also the higher-order terms in some practical cases has been
published for instance in (Ramesh, Gupta and Kelkar, 1997).
Another example, how the multi-parameter approach can be applied, is its
utilization in fracture criteria derived for estimation of the further crack
propagation angle (Smith, Ayatollahi and Pavier, 2001; Malíková, 2015; Hou et al.,
2016). Again, the referred works show that taking into account more than only
single parameter for approximation of the crack-tip stress field can be very useful
for some specific geometric configuration, materials etc.
In this work, a crack deflection angle in a semi-circular disc loaded under 3-point
bending is investigated. The various initial inclination angles of the crack ensure
various levels of mixed-mode (I+II) conditions. A numerical parametric analysis is
performed in order to study the influence of several parameters on the crack
deflection angles and in order to prove the importance of the higher-order terms
of the Williams expansion. Conclusions are made based on the results obtained
and several particular cracked SCB configurations are recommended for future
experiments on a novel quasi-brittle composite material to establish the
significance of the multi-parameter fracture mechanics concept via comparison of
the numerical analysis with experimental results.
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5.2. Williams-expansion-based crack-tip stress field
As stated above, the stress tensor components were firstly expressed as a series
expansion by Williams (Williams, 1957). The relations were derived for a
homogeneous elastic isotropic cracked body subjected to an arbitrary remote
loading and can be written as follows:
=∑

,

+∑

,

.

(5.1)

Where:
I, j
r,θ

– stress tensor components indexes: , ∈ , !",
– polar coordinates considering the centre of the system at the
crack tip,
fij, gij
– known stress functions corresponding to the loading mode I and
II, respectively,
An, Bm – unknown coefficients of the higher-order terms of the Williams
expansion (WE).
A similar series can be derived for displacement vector components and it is
directly applied when the over-deterministic method is used for calculation of the
unknown coefficients An and Bm.

5.3. Estimation of the WE coefficients
There have been presented several methods for estimation of the WE coefficients.
Each of them is based on a different principle. The most known methods can be
the boundary collocation method, hybrid crack element method, as well as overdeterministic method etc. (Tong, Pian and Lasry, 1973; Karihaloo and Xiao, 2001;
Xiao, Karihaloo and Liu, 2004; Su and Fok, 2007; Ayatollahi and Nejati, 2011). Each
from the methods mentioned has its advantages and disadvantages. For purposes
of this paper, the over-deterministic method (ODM) was chosen because of its
simplicity. The ODM requires neither utilization of special crack elements nor
special mathematical theories. Its principle consists in direct application of the WE
series derived for the displacement vector components.
Practically, a common finite element analysis on the cracked specimen under
study is performed and displacements of a selected set of nodes around the crack
tip are obtained together with their polar coordinates during post-processing.
Thus, quite a large system of equation is built and its solution is represented by
the coefficients of the higher-order terms. An arbitrary number of the WE
coefficients can be chosen until the following condition is fulfilled:
2$ > & + ' + 2 .
(5.2)
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Where:
N
– number of mode I WE terms,
M
– number of mode II WE terms,
k
– number of nodes selected around the crack tip.
Several more recommendations on the use of the over-deterministic method, its
accuracy etc. can be found in literature (Šestáková, 2013; Růžička, Malíková and
Seitl, 2017).

5.4. Multi-parameter fracture criteria
When the WE coefficients are known an arbitrary stress component can be
expressed via multi-parameter power series. This idea is used within the fracture
criteria that were suggested for estimation of the further crack propagation angle.
In this work, two very common criteria are mentioned. The former one is the
maximum tangential stress (MTS) criterion and the latter one is the minimum
strain energy density (SED) criterion. Both criteria are applied in their generalized
form, which is connected to assuming more than only one parameter (i.e. the
stress intensity factor) for assessment of the crack behaviour. The multiparameter form of the fracture criteria is related to one more phenomenon and it
is their dependence on a length parameter that is often called the critical distance
(Sih and Ho, 1991; Seweryn and Lukaszewicz, 2002; Susmel and Taylor, 2008).
Note that classical MTS as well as SED criteria can be expressed only via the stress
intensity factors and there is not any dependence on a length parameter.
The idea of the MTS criterion (Erdogan and Sih, 1963) consists in the assumption
that a crack propagates in a material in the direction where the tangential stress
reaches its maximum. This condition can be mathematically written by means of
derivatives:
()**
(+

Where:

=0 a d

( )**
(+

<0 .

(5.3)

σθθ
θ

– tangential stress,
– angle of the polar coordinate system defined with its origin at the
crack tip.
The multi-parameter approach consists in the approximation of the tangential
stress via the WE expansion considering various numbers of the WE terms.
Similarly, the energy-based SED criterion (Sih, 1973, 1974) assumes that a crack
will propagate in a material in the direction where the strain energy density
reaches its minimum. Again, mathematically written:
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Where:
S

– strain energy density factor,
– angle of the polar coordinate system defined with its origin at the
crack tip.
σθθ
– tangential stress,
σrr
– radial stress,
σrθ
– shear stress in the polar coordinate system,
µ
– shear modulus,
κ
– Kolosov’s constant.
The tangential, radial and shear stress in the expression for the strain energy
density factor are approximated via WE considering various number of its initial
terms.
The procedure of searching for maximum (MTS criterion) or minimum (SED
criterion) is programmed in Wolfram Mathematica software (‘Wolfram
Mathematica Documentation Center’, 2018) and the values of the further crack
propagation angles of the crack in SCB specimen are presented in the section
devoted to presenting of obtained results.

θ

5.5. Semi-circular disc with and angled crack under three-point
bending
The schema of the specimen selected for the analysis of investigation of the
further crack deflection with impact to the importance of the higher-order terms
of the WE can be seen in Fig. 5.1. In the referred figure, the P represents the
loading force, S is the span between the supports, R is the radius of the disc, β is
the initial crack inclination angle and a represents the crack length. Because the
analysis presented in this work should be parametric and should involve more
various mixed-mode levels, several parameters were not constant but varied
within the analysis. The following values of the individual parameters were
considered: P = 1 kN, R = 50 mm, S = 60 ÷ 80 mm, a = 10 ÷ 25 mm, β = 10° ÷ 50°.
Combination of these values of the parameters ensures the mixed-mode level
varying between KI/KII = 0.2 ÷ 8.2. Material properties of the numerical model
were set up with accordance to the properties of concrete, because an
experimental campaign on a novel fine-grained composite based on the alkaliactivated slag is prepared: Young’s modulus E = 35 MPa, Poisson’s ratio ν = 0.23.
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Fig. 5.1. Schema of the Semi-Circular disc under 3-point Bending (SCB) with an angled
crack

A two-dimensional numerical model of the cracked SCB disc was created in a
commercial finite element software ANSYS (‘ANSYS Program Documentation’,
2019). Plane strain boundary conditions were set up and a quadrilateral element
type PLANE183 were used for meshing the cracked specimen. The crack-tip
singularity was modelled through special crack elements that are implemented in
the software. For evaluation of the ODM, the displacements of nodes at the radial
distance of 4 mm were used and 10 coefficients of the WE were calculated from
the system of equations. Then, the fracture criteria introduced above were
applied at various critical distances rc = 0.1, 0.5 and 1.0 mm in order to estimate
the angle of the further crack propagation direction, see the obtained results in
the following section.

5.6. Achieved results and their discussion
The dependences of the crack deflection angle are displayed as functions of the
mixity parameter as has been used in several works of other authors (Aliha and
Ayatollahi, 2012; Li et al., 2018):
'< = = > ?@

AB
ABB

.

(5.5)

Where:
KI
– mode I stress intensity factor,
KII
– mode II stress intensity factor.
The mixity parameter can achieve the values between 0 (pure mode II) and 1 (pure
mode I). Note that the positive crack deflection angles represent the crack
propagation towards the loading force. Only selected results are presented in
order to point to the most important conclusions. The basic set of result is in
Figs. 5.2 and 5.3, where the dependences of the crack deflection angle γ obtained
via MTS and SED criterion, respectively, on the mixity parameter Me for the span
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S = 80 mm, relative crack lengths a/R = 0.2 and 0.5, critical distances rc = 0.1, 0.5
and 1.0 mm and 1, 2, 3, 6 and 10 initial WE terms considered for stress
approximation are presented.

(a) a/R = 0.2, rc = 0.1 mm

(b) a/R = 0.5, rc = 0.1 mm

(c) a/R = 0.2, rc = 0.5 mm

(d) a/R = 0.5, rc = 0.5 mm

(e) a/R = 0.2, rc = 1.0 mm

(f) a/R = 0.5, rc = 1.0 mm

Fig. 5.2. Dependence of the crack deflection angle γ obtained via MTS criterion on the
mixity parameter Me for the span S = 80 mm, relative crack lengths a/R = 0.2 and 0.5,
critical distances rc = 0.1, 0.5 and 1.0 mm and 1, 2, 3, 6 and 10 initial WE terms
considered for stress approximation.
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(a) a/R = 0.2, rc = 0.1 mm

(b) a/R = 0.5, rc = 0.1 mm

(c) a/R = 0.2, rc = 0.5 mm

(d) a/R = 0.5, rc = 0.5 mm

(e) a/R = 0.2, rc = 1.0 mm

(f) a/R = 0.5, rc = 1.0 mm

Fig. 5.3. Dependence of the crack deflection angle γ obtained via SED criterion on the
mixity parameter Me for the span S = 80 mm, relative crack lengths a/R = 0.2 and 0.5,
critical distances rc = 0.1, 0.5 and 1.0 mm and 1, 2, 3, 6 and 10 initial WE terms
considered for stress approximation.

The results in Figs. 5.2 and 5.3 enables to summarize several conclusions:
The classical single-parameter fracture mechanics concept differs from
the multi-parameter one even at small critical distances from the crack tip

Numerical analysis of a semi-circular disc with an angled crack loaded …

79

(rc = 0.1 mm). Nevertheless, if the mode I of loading prevails, the classical
form of the fracture criteria can be used safely.
Generalized fracture criteria become more significant for cracked
configuration, with increasing effect of loading mode II.
The differences between the results, when more WE terms are
considered, increase with larger distances from the crack tip, where the
generalized fracture criteria are used.
The SED criterion seems to be less sensitive to the choice of the number
of the WE higher-order terms than the MTS criterion; but it surely proves
the difference between the single-parameter and multi-parameter
concept.
The differences between the crack deflection angles obtained via singleparameter and multi-parameter fracture criteria are more evident in
cases of the longer crack a/R = 0.5.
With respect to the dependences plotted in Figs. 5.2 and 5.3, further results are
presented only for MTS criterion applied at larger distances for the SCB
configuration with a longer crack (a/R = 0.5). Now, the effect of the various span
between the supports of the SCB specimen is analysed, see Fig. 5.4, where the
dependences of the crack deflection angle γ on the mixity parameter Me for the
supports span S = 60, 70 and 80 mm, critical distances rc = 0.5 and 1.0 mm and 1,
2, 3, 6 and 10 initial WE terms considered for stress approximation are displayed.
Based on the results in Fig. 5.4, the following summary can be stated:
When the distance between the supports decrease, loading mode II
becomes more dominant (as show the values of the mixity parameter Me
approaching the zero value) and the crack deflection angles are generally
higher.
At larger distances from the crack tip, the multi-parameter MTS criterion
gives more different values of the crack deflection angle than the singleparameter one.
When the results obtained via the single-parameter and multi-parameter
form of the MTS criterion are compared, the values of the crack deflection
angle can differ by up to 20°, which is the case of the longer span between
the supports (S = 70 or 80 mm) considering the larger critical distance
value rc = 1.0 mm.
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(a) S = 60 mm, rc = 0.5 mm

(b) S = 60 mm, rc = 1.0 mm

(c) S = 70 mm, rc = 0.5 mm

(d) S = 70 mm, rc = 1.0 mm

(e) S = 80 mm, rc = 0.5 mm

(f) S = 80 mm, rc = 1.0 mm

Fig. 5.4. Dependence of the crack deflection angle γ obtained via MTS criterion on the
mixity parameter Me for the span S = 60, 70 and 80 mm, relative crack length a/R = 0.5,
critical distances rc = 0.5 and 1.0 mm and 1, 2, 3, 6 and 10 initial WE terms considered for
stress approximation.
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5.7. Conclusions
A semi-circular disc with an angled crack under three-point bending was
investigated via the multi-parameter fracture mechanics concept. Particularly, the
crack deflection angle was studied and results obtained by means of the
generalized form of the MTS and SED criteria taking into account various numbers
of the initial WE terms were compared. It was found out that the largest
differences in comparison to the classical single-parameter fracture criteria
concept occur when:
the length of the crack is larger,
the fracture criterion is applied at larger distance from the crack tip
the MTS criterion instead of SED criterion is applied,
loading mode II becomes significant,
the span between the supports of the SCB configuration is higher.
Based on the results presented in this work, a particular geometry can be chosen
in order to verify the conclusions stated above and prove the significance of the
higher-order terms of the WE.
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