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Abstract: The paper presents experimental and numerical results of HP concrete. Brazilian disc 
test is used in the evaluation of the fracture mechanical parameters. 

Keywords: high performance concrete, numerical simulation, Brazilian disc   

4.1. Introduction 
The design of concrete structural elements used in civil engineering is 
optimized to reduce material consumption and to improve structural behavior. 
Concrete structures such as highway bridges, power plant cooling towers, shell 
roofs and especially prestressed concrete precast elements constitute important 
infrastructure and therefore receive increased attention in both design and 
subsequent maintenance. If well-organized, the use of precast concrete 
structural elements decreases construction time by two to three times in 
comparison to the traditional cast-in-place approach (Tomek R. 2017). The 
main requirement of investors in civil engineering is to extend the structural 
service life time by repair instead of complete replacement of the structure. The 
need for repair works is mainly caused by chemical actions of the environment 
or the long-term actions of load (i.e. creep). The other important global 
requirement is that the repair and construction must be environmentally 
friendly. This demand drives the development and use of new and advanced 
materials with reduced CO2 consumption. This is also applicable to structures 
currently under construction and planned for the near future. (de Freitas V.P. 
2013). 
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The prior renovation durability and sustainability of structures made from 
cementitious materials are often investigated in order to prevent accidents, 
unnecessary expenses and to get a basic understanding of the material used. To 
obtain a material sample from renovated structure, a core-drill is used to remove 
a cylindrical sample from the structure. The concrete samples are submitted for 
laboratory tests to identify the material’s characteristics. The common material 
characteristics determined through testing the cylindrical specimen are: bulk 
density, the Young’s modulus, the compressive strength, the flexural strength, 
etc. The design and structural behaviour of the abovementioned structures are, 
in the most cases, advanced and complex. These structures are not only subject 
to uniaxial load (tensile load), but very often to a combination of bending and 
tensile load (mixed mode I/II) conditions. To perform a modern advanced 
analysis of structural behaviour, knowledge of the material’s fracture 
mechanical parameters is essential. 
The advanced structural analysis uses fracture mechanical properties as an input 
parameter to predict total structural service life time and fracture resistance. The 
fracture parameters used in the advanced design are fracture toughness KIC and 
fracture energy Gf. The structural elements after certain time can show minor 
surface damage or shrinkage can create micro-cracks. These defects are zones 
of weakness, where the crack can initiate. (Karihaloo B.L. 1995). 

  

Fig. 4.1. Brazilian disc with central notch (left) and experimental setup (right). 

The load presence on the structural element can be characterized by tensile 
mode I and shear mode II. In reality, some cracks are loaded by a combination 
of tension and shear - mixed mode I/II load. Hence, it is necessary to test 
material under the mixed mode loading conditions with circular cross section. 
The Brazilian disc test with a central notch (BDCN) suggests such application. 
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This contribution evaluates the fracture mechanical parameters of C 50/60 
concrete material by the BDCN test specimen and investigates the failure and 
crack propagation process by employing the concrete damaged plasticity (CDP) 
material model. The fracture resistance curves were evaluated based on the 
maximum tangential stress (MTS) criterion (Erdogan F. and Sih G.C. 1963) and 
generalised maximum tangential stress (GMTS) criterion (Smith D. J. 2001). 
The MTS and GMTS criteria are commonly used for prediction of onset of 
fracture under the mode I, mixed mode I/II and mode II load conditions. 

4.2. Material C 50/60 
In this study, the investigated material was a C 50/60 concrete according to EN 
206–1 (2005). In order to assess fracture mechanical properties and the FE 
numerical model, a C 50/60 was chosen because it is a typical material used for 
the pre-stressed precast elements, which are produced nowadays. C 50/60 shows 
variety in structural applications because of its high compressive and tensile 
strength. Usually, concrete with a compressive strength higher than 60 MPa and 
water to cement ratio lower than 0.42 can be considered as a high-performance 
concrete (HPC) (Nawy, E.G. 2001). 
The mixture contains crushed high-quality granite 4/8 mm and 8/16 mm coarse 
aggregates and natural sand as a fine aggregate 0/4 mm. The water to cement 
ratio w/c was 0.4 and a polycarboxylates-based superplasticizer was used to 
reach good workability. The concrete was mixed in a volume of 1 m3, poured 
into moulds and tested at 28 days. Cone flow was measured 540 mm in 
accordance with (EN 12350-5 2009) and can be classified as class F4. Table 4.1 
gives an overview of the material’s mechanical properties. 

Table 4.1. Overview of the mechanical properties of C 50/60 concrete at 28 days from 
Seitl et al. (2018) (mean values and standard deviation) 

Young’s 
Modulus  
E [GPa] 

Bulk density 
ρ [kg/m3] 

Compressive 
cube strength 
fc_cube [MPa] 

Compressive 
cylindrical strength 

fc_cyl [MPa] 

Indirect 
tensile 

strength  
ft [MPa] 

38.3 ± 0.3 2390 ± 27.32 85.8 ± 2.9 72.8 ± 2.5 5.515 ± 0.31 

To simulate proper material behaviour a nonlinear material model was used. 
The input parameters are based on the material stress-strain relation from CEB-
FIP (Model Code 2010), which were evaluated from the experiments. To obtain 
a post peak behaviour (softening branch), damage parameters dc for 
compression and dt for tension were used. The maximum value of the tension 
damage parameter dt was 0.99.  
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The recommendation provides a post peak behaviour in compression as well as 
in tension. It assumes a linear compressive behaviour up to 40% of the mean 
compressive strength fcm, and after this point a quadratic function is used, which 
can be characterized by eq. 4.1. 

:;
<;= � * 	> ?∙ABAC

���?B��∙A	D 	for	|I�| < JI�,L�MJ		 (4.1) 

where: 
fcm – mean compressive strength, 
εc1 – compressive strain at maximum compressive stress, 
εc,lim – ultimate compressive strain, 
k – the plasticity number, 
η – η = εc/εc1 

For a cracked section under tension, a bilinear stress-crack opening relation 
approach is used. The bilinear response can be characterized by eq. 4.2 and 4.3. 

N�O = P�M >1	 * 	0.8 R
RSD 	for	T U T�		 (4.2) 

N�O � P�M V0.25	 * 	0.05 T
T�

X 	for	T� 8 T U T�	 (4.3) 

T� � �Y
<;Z= 	when	NO � 0.2 ∙ P�OM	; 	T� � `�Y

<;Z= 	when	NO � 0		 (4.4) 

where: 
fctm – tensile strength, 
w – crack opening, 
εc,lim – ultimate compressive strain, 
Gf – fracture energy �< � 73 ∙ P�M1.��. 
w1, wc – limit points by eq. 4.4 
 

  
(a) (b) 

Fig. 4.2. Input parameters for CDP material model - compression (a) and tension (b). 
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A material with similar mechanical and fracture mechanical properties was 
tested earlier by Zimmermann, T. and Lehký, D. (2015) 

4.3. Theoretical Background 
This contribution is based on a linear elastic fracture mechanics (LEFM). The 
LEFM uses for description of the stress field in the vicinity of a crack tip 
infinite power series, often called as a Williams expansion (Williams, M.L. 
1956). The stress field description can be then described by a eq. 4.5. 

N�,b � cd
√�f� P�,bg �h� +

cdd
√�f� P�,bgg�h� + j + k�,b�!, h� , (4.5) 

where: 
σi,j – stress tensor components, 
KI – stress intensity factor for mode I, 
KII – stress intensity factor for mode II, 
P�,bg �h� – shape functions for mode I, 
P�,bgg�h� – shape functions for mode II, 
T – the second independent term on r, 
Oij – higher order terms 
r,θ – polar coordinates (with origin at the crack tip; crack faces lie along the 

x-axis) 

According to the GMTS criterion (Smith, D.J. et. al 2001) the brittle fracture 
takes place radially from the crack tip and perpendicular to the direction of 
maximum tangential stress σθθ. Crack growth initiates, when the σθθ reaches its 
maximum (critical value) σθθC. The σθθC is reached under the crack initiation 
angle θ0 and a critical distance from the crack tip rC. Both θ0 and rC are material 
constants. The tangential stress σθθ around the crack tip can be expressed as: 

Nll � �
√�f� �mn

l
� opg�mn� l

� * �
�Kggnrst + jnrs�h + ku!�/�w  (4.6) 

While the MTS criterion uses only first terms (SIFs), the GMTS uses two terms 
of Williams expansion (SIFs and T-stress) in the series for σθθ. The higher order 
terms O(r1/2) are often negligible near the crack tip. Singular terms KI, KII and 
the T-stress are considered in the further analysis. According to the first 
hypothesis of the GMTS criterion, the angle of maximum tangential stress θ0 is 
determined from:  

 x:yy
xl |lzl{ � 0 and xC:yy

xCl < 0 (4.7) 

This assumption leads into the following equation: 
~pgnrsh1 + pgg(3�mnh1 * 1)� * ���

� �2�!��mnh1nrs l{
� � 0  (4.8) 
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Eq. 4.8 shows that the angle θ0 of maximum tangential stress for any 
combination of modes I and II depends on KI, KII, T and rC. The angle θ0 
determined from eq. 4.8 is then used to predict beginning of the mixed mode 
fracture. According to GMTS criterion, the brittle fracture occurs when: 

Nll(!� , h1) � Nll,�   (4.9) 

By substituting the initiation angle θ0 from eq. 4.9 into eq. 4.7, one can derive: 

�2�!�Nll,� � �mn l{
� opg�mn� l{

� * �
� pggnrsh1t + �2�!�jnrs�h1  (4.10) 

Eq. 4.6 can be used for calculation of fracture initiation for pure mode I, pure 
mode II and mixed mode I/II. Pure mode I fracture initiation appears when KI = 
KIC,  
KII = 0. and θ0 = 0°, this assumption simplifies eq. 4.10 to:  

�2�!�Nll,� � pg�   (4.11) 

where KIC is the fracture toughness for mode I. By substituting eq. 4.11 into eq. 
4.10 a general equation for mixed mode fracture is obtained. 

pg� � �mn l{
� opg�mn� l{

� * �
� pggnrsh1t + �2�!�jnrs�h1  (4.12) 

4.3.1. Application of the GMTS Criterion to BDCN Geometry 
Fracture resistance for both modes is expressed by ratio KI/KIC and KII/KIC. This 
ratio is obtained from eq. 4.12 by dividing whole expression by KI, KII 
respectively. Fracture resistance for mode I can be expressed as: 

cd�
cd � �mn l{

� o�mn� l{
� * �

�
cdd
cd nrsh1t + �2�!�

�
cd nrs�h1  (4.13) 

and for mode II: 
cd�
cdd � �mn l{

� o cd
cdd �mn� l{

� * �
� nrsh1t + �2�!�

�
cdd nrs�h1  (4.14) 

From both eq. 4.13 and eq. 4.14 it is noticeable, that the fracture resistance 
depends not only on the first and second terms of Williams expansion, but also 
on the critical distance rC. Literature shows two different options for the 
calculation of the rC considering various boundary conditions. For plane stress 
and plane strain boundary condition (Anderson, T.L. 2017) the critical distance 
can be calculated by eq. 4.15 and eq. 4.12, respectively. 

!� � �
�f >cd�

:Z D� *  5� s� n�!�nn,  (4.15) 

 !� � �
�f >cd�

:Z D� *  5� s� n�! rs.  (4.16) 

The values of the SIFs for a finite specimen with a shape of BDCN and the 
polar angle θ = 0° can be expressed in the following form by eqs. 17 and 18 
(Fett, T 2001, Ayatollahi, M.R. and Aliha, M.R.M. 2008, Seitl et al 2018): 

pg � 	√�
��√f

�
��B�

�
�g( /�, �)  (4.17) 
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pgg � 	√�
��√f

�
��B�

�
�gg� /�, ��,  (4.18) 

where: 
P – compressive load, 
a – crack length,  
R – radius of the disc (D/2),  
B – disc thickness,  
α  – initial notch inclination angle, 
YI(a/R, α), – dimensionless shape function for mode I, 
YII(a/R, α) – dimensionless shape function for mode II. 

4.3.2. Numerical Model - Geometry 
A numerical simulation was performed using the FE software Abaqus (Abaqus 
2016). For this, a two-dimensional (2D) plane stress model was created, and 
meshed with a 4-node linear element (type CPS4). The basic element size was  
1 mm with refinements around the notch tip of 0.25 mm.  
The simulated BDC specimen had a radius of R = 75 mm, initial notch lengths 
2a = 40 mm and 2a = 60 mm (the relative crack length a/R = 0.26 and 0.4), and 
inclination notch angles α of 0°, 5° 10°, 15°, 20°, 25° and 27°. The numerical 
analysis was performed with a displacement controlled loading at the top point 
of the BDCN specimen. The total induced vertical displacement was uy = -0.1 
mm (ux = 0 mm) over the pseudo time step. Adequate boundary conditions were 
added to prevent rigid body translations (See Fig. 4.3). 

   
(a) (b) (c) 

Fig. 4.3. Boundary conditions (left) and meshed BDC specimen with detail on the notch 
tip (right) 
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4.4.3. Material Model – Concrete Damaged Plasticity 
The Concrete Damaged Plasticity (CDP) model was used similar like in Miarka, 
P. et. al (2018a). A brief introduction of the concrete damaged plasticity (CDP) 
material model, as implemented in (Abaqus 2016), is presented below. The 
model’s yield function was proposed by Lubliner, J. et. al (1989) and later 
modified by Lee and Fenves Lee, J. and Fenves Gregory. L. (1998) to account 
for the different strength evolution in tension and compression. The yield 
function in terms of effective stresses has the following form: 

� � �
�B� u�. * 3�5̅ + �(Ĩ�L)〈N4.M��〉 * �〈*N4.M��〉w,  (4.19) 

where: 
5̅ – hydrostatic pressure, 
�. – von Misses equivalent effective stress,  
N4.M�� – maximum principal effective stress, 
α, β – constitutive parameters describing the flow of the yield function,  
γ – parameter related to the shape of the yield function, 
YI(a/R, α), – dimensionless shape function for mode I, 
YII(a/R, α) – dimensionless shape function for mode II, 
Parameters α, β, and γ are expressed by eqs. 4.20 to 4.22. 

α � (: {/:;{)B�
�(: {/:;{)B� ; 0 ≤ � ≤ 0.5,  (4.20) 

β � N�uI��Lw
NOuIO

�Lw (1 * �) * (1 + �), (4.21) 

where:  
σb0  – biaxial compressive strength, 
σc0  – uniaxial compressive strength,  
N�uI��Lw  – effective cohesion stresses for compression, 
N�uIO

�Lw – the effective cohesion stresses for tension,  
The shape of the yield surface is expressed as: 

γ � �(�Bc;)
�c;B� .  (4.22) 

In this, Kc is the ratio of the tensile to the compressive meridian and defines the 
shape of the yield surface in the deviatory plane in Fig. 4.4 (a). In biaxial 
compression, where N4.M�� = 0, the parameter β is not active, and only the 
parameter α is being used. Parameter γ is active when the N4.M�� < 0, which 
occurs in triaxial compression. The concrete damaged plasticity model uses the 
flow potential function G(σ), which is a non-associated Drucker–Prager 
hyperbolic function and is defined by eq. 4.23. 

�(N) � �(INO1 tan ¤)� + �.� * 5̅ tan ¤,  (4.33) 
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where: 
ε – eccentricity, 
ψ – dilation angle. 
   

 

 

(a) (b) 

Fig. 4.4. Yield surfaces in the deviatory plane (Kc = 2/3 corresponds to the Rankine 
formulation and 1 to the Drucker–Prager criterion) (a) and schematic of the 
plastic flow potential with dilation angle ψ and eccentricity in the meridian 
plane (b). 

The CDP constitutive input parameters, which define the plasticity are shown in 
Table 4.2. These plasticity parameters were comprehensively studied by 
Kmiecik, P. And Kamiński, M. (2011) and showed accurate results. 

Table 4.2. Input constitutive material parameters for CDP model. 

Dilatation angle 
ψ [°] 

Eccentricity ε 
[-] 

σb0/σc0 [-] Kc [-] 
Viscosity 

parameter [-] 
36 0.1 1.16 0.666 0 

The CDP material model assumes that the uniaxial tensile and compressive 
response of concrete is characterized by damaged plasticity, which is defined by 
the damage parameter d and is used in the model according to Eq. (4.6). 

N � �1 * d)N. � (1 * "),1(I * I�L),  (4.24) 

The damage parameter d is defined in terms of compression and tension dc and 
dt, respectively by: 

(1 * d) � (1 * nO"�)(1 * n�"O),  (4.25) 
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where: 
st – tensile stiffness recovery, 
sc – compressive stiffness recovery,  
The damage parameters for compression dc and tension dt can be calculated 
according to Eq.(4.8) and Eq.(4.9), respectively 

"� � 1 * :;
¥¦>§;B§;̈ ©D,  (4.26) 

"O � 1 * :Z
¥¦>§ZB§Z̈ ©D,  (4.27) 

where: 
E0 – tensile stiffness recovery, 
σc – compressive stress,  
σt – tensile stress, 
εc – compressive strain, 
εt – tensile strain, 
εc

pl – compressive plastic strain, 
εt

pl – tensile plastic strain, 

3.4. Results and Discussion 
An overview of fracture mechanical parameters of C 50/60 material and the 
numerical results from the FE simulations is given in next sections.  

3.4.1. Mechanical - Fracture Properties 
In total a series of 19 BDCN specimens were tested with a different a/R ratios 
and initial notch inclination angles α. The machine for tests has a maximum 
loading capacity 200 kN. The speed of the induced displacement of the upper 
support was equal to 0.025 mm/s. 

A fracture toughness for mode I KIC was evaluated from the test specimen with 
α = 0° for both a/R ratios. The fracture toughness for mode II KIIC were 
measured under the α = 27.7° and α = 25.2° for a/R = 0.267 and a/R = 0.4, 
respectively. The measured maximum forces for each inclination angle α and 
with evaluated stress intensity factors for both modes are presented in table 4.3. 
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Table 4.3. Overview of measured mean values of fracture loads PC(B=30 mm), stress 
intensity factor for mode I KI and mode II KII for relative crack length a/R = 
0.267 and 0.4. 

α [°] a/R [-] Load Pc [kN] KI [MPam1/2] KII [MPam1/2] 
0 

0.267 

24.34 0.90 - 
5 24.92 0.89 0.34 
10 24.49 0.78 0.69 
15 21.79 0.55 0.94 
20 21.13 0.35 1.11 

27.7 21.54 - 1.31 
0 

0.4 

18.50 0.97 - 
5 16.31 0.81 0.35 
10 16.93 0.72 0.70 
15 15.98 0.49 0.91 

25.2 16.05 - 1.33 

Fracture mechanical parameters evaluated from the BDCN test specimens are 
the fracture toughness for mode I KIC and T-stress.  

Table 4.4. Overview of measured fracture mechanical properties of C 50/60 material for 
a/R = 0.267 and 0.4 (Mean values and standard deviation). 

Fracture toughness for mode I -  
KIC [MPa m1/2] 

T – stress [MPa] 

BDCN  
(a/R = 0.267) 

BDCN  
(a/R = 0.4) 

BDCN  
(a/R = 0.267) 

BDCN  
(a/R = 0.4) 

0.903 ± 0.09 0.973 ± 0.10 -13.92 ± 1.72 -12.13 ± 1.26 

 

 

  
(a) (b) 

Fig. 4.5. Fracture forces and valus of SIFs for selected angle α in case of relative notch 
length a/R=0.267 (a) and a/R=0.4 (b), respectively 
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From the knowledge of material fracture toughness and employing the MTS or 
the GMTS fracture criteria a material’s fracture resistance curves can be 
evaluated. The fracture resistance curve curves evaluated for the C 50/60 
concrete are show in Fig. 4.6. 

 

  
(a) (b) 

Fig. 4.6. Mixed mode I/II fracture resistance curves for C 50/60 for a/R = 0.267 (a) and 
a/R=0.4 (b).  

The comparison of experimental results is done by fracture resistance curve. For 
each relative crack length, a/R and critical distance rC were calculated resistance 
curves using eqs. 4.13 and 4.14. From Fig. 4.64.6, it can be noted, that the MTS 
criterion is very conservative (Seitl et. al 2018, Miarka et. al 2018). The GMTS 
criterion predict fracture resistance curves for both cases of a/R with good 
agreement especially for plane strain boundary condition for which the value of 
critical distance is rC = 1.559 mm. For concrete the value of fracture process 
zone or (rC) is relatively large in comparison with other engineering materials 
like polymers and metals, the effect of second term (T-stress) might not be 
ignored. For C 50/60 material, the critical distance rC is 1.559 mm.  

3.4.2. Numerical Results 
Numerical software Abaqus generates a typical stress and inelastic strain fields 
for the studied geometry of the BDCN specimen. The inelastic strain represents 
smeared crack in the studied geometry. Stress and strain fields generated by 
numerical model give Figs 4.7-4.10 for each point of interest. 
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Fig. 4.7. Calculated maximum principal stress [MPa] and inelastic strain [-] fields with 
equivalent vertical compressive load for a/R = 0.4 and α  = 25°, P = 36.2 N 

    

Fig. 4.8. Calculated maximum principal stress [MPa] and inelastic strain [-] fields with 
equivalent vertical compressive load for a/R = 0.4 and α  = 25°, P = 36.2 N. 

    

Fig. 4.9. Calculated maximum principal stress [MPa] and inelastic strain [-] fields with 
equivalent vertical compressive load for a/R = 0.4 and α  = 25°, P = 36.2 N. 

    

Fig. 4.10. Calculated maximum principal stress [MPa] and inelastic strain [-] fields with 
equivalent vertical compressive load for a/R = 0.4 and α  = 25°, P = 36.2 N. 
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Table 4.5. Overview of measured and calculated fracture forces for a/R = 0.4. 

α [°] 0 5 10 15 25.2 

Calculated force [N/mm] 562.85 543.72 540.90 522.54 505.40 

Thickness B [mm] 30.92 31.44 30.77 30.97 31.17 

Force – Calculated FEA [kN] 17.40 17.10 16.70 16.18 15.80 

Force PC– Experiment [kN] 15.80 19.60 20.00 13.70 15.80 

From Table 4.5 it can be noted, that the numerical analysis showed a reasonable 
agreement (difference up to 20%) for the a/R = 0.267 specimens and a good 
agreement (difference limited to 7%) for the a/R = 0.4 specimens.  
A comparison of measured and calculated maximum forces for various notch 
inclination angles α can be found in Fig. 4.11. 

   
(a) (b) 

Fig. 4.11. A comparison of measured and calculated maximum forces for BDNC made 
from C 50/60 with thickness B ≈ 30 mm: (a) a/R = 0.267 and (b) a/R = 0.4. 

A typical numerical result from the simulation is a Load-displacement diagram, 
where a reaction load (N per unit width) is plotted against the total vertical 
displacement. 
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(a) (b) 

Fig. 4.12. Load-displacement diagram for BDNC made from C 50/60 with thickness  
  B ≈ 30 mm: a/R = 0.267 and for angle α = 0° (a) and α =25° (b). 

  
(a) (b) 

Fig. 4.13. Load-displacement diagram for BDNC made from C 50/60 with thickness 
 B ≈ 30 mm: a/R = 0.4 and for angle α = 0° (a) and α =25° (b). 

3.5 Conclusions 
The C 50/60 concrete material was analysed in combination of experimental 
and numerical studies. From experimental campaign the fracture mechanical 
parameters of C 50/60 were evaluated by using Brazilian disc test specimen 
with a central notch. Numerical model of the BDCN provides information about 
failure behaviour of such a test. From the presented results above a following 
conclusion can be done: 

• Fracture resistance curves for mixed mode I/II provide information about 
onset of fracture and help to predict failure. 

• Fit of resistance curves depends on the T-stress and on critical distance rC, 
which was in C 50/60 calculated for plane strain rC = 1.559 mm and should 
not be neglected in the evaluation of the mixed mode fracture resistance. 
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• The numerical model provides accurate results of the crack pattern in 
studied BDCN geometry. 

• The numerical results of maximum reaction loads give accurate results for 
used concrete damaged plasticity material model with an error limited to 
4% for a/R = 0.4 and 20% for a/R = 0.267. 
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